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a b s t r a c t
We report on a new class of elastic architected materials with hybrid unit cells, consisting of discrete
elastic elements with non-convex strain energy and one convex (but possibly nonlinear) elastic element,
to obtain a reversible multifunctional material with extreme energy dissipation. The proposed design
exploits numerically optimized nonlinearities in the force–displacement response of the sub-unit-cell
elements to approach the theoretical limit of specific damping capacity in any material, ψ th = 8. Specific
damping capacities up to ψ = 6.02 were experimentally demonstrated, which are far greater than any
experimental value previously reported, including in high damping elastomers (ψ < 4.5). Remarkably,
this damping performance is achieved even with a single unit cell, thus avoiding the need for thick
multi-cell designs. Furthermore, the proposed design offers relatively high stiffness and low transmitted
stress upon compression. The proposed concept could enable the design of reversible impact-resistant
structures with superior crashworthiness and energy dissipation.
© 2017 Published by Elsevier Ltd.

1. Introduction
Architected materials encompassing elements with nonconvex strain energy landscapes have recently been touted as
promising candidates for the implementation of future reusable
energy trapping and impact protection systems [1–3], multi-stable
shape shifting materials [4–7], advanced dampers and vibration
isolation devices [8–12], and stable transition wave diodes [13,14].
Even though these materials are capable of dissipating strain
energy while remaining elastic, which can result in reversible
deformations and long life span, their relatively small hysteresis hinders their application for vibration damping and impact
absorption [3,8,15]. The magnitude of energy dissipation under
cyclic or non-cyclic (e.g., impact) loading can be nonlinearly enhanced by connecting a large number of negative stiffness (NS)
elements in series, but this generally results in thick and heavy
structures [2]. Recent developments have allowed achievement
of high damping in similar architected elastic systems, such as
hollow metallic micro-lattices [16], composites with negative stiffness inclusions [17] and geometrically optimized periodic lattices
[18,19].
Here, we report on novel architected materials with complex
unit cell topologies, offering a combination of high stiffness, low
transferred stress upon compression, and high energy dissipation coefficient resulting from rapid phase transformations of
author.
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sub-unit-cell constituents under mechanical loads. The proposed
architected materials exhibit an amount of energy dissipation per
unit volume that approaches the theoretical maximum for any
material and is nearly independent on the number of unit cells,
offering much more compact designs than are possible with competing systems. This concept could significantly expand the performance of existing architected materials based on NS elements, and
demonstrates a robust route to manufacturing reusable multifunctional dissipative systems that are comparable in performance to
existing irreversible engineered materials.
When a chain of discrete elements with non-convex strain
energy profile is compressed, instabilities can occur at prescribed
overall displacements; the sudden structural changes assigned
with these instabilities can be described as discrete phase transformations. During these transformations, some of the elements
in the design will expand while others rapidly contract in order to
release strain energy, leading the overall system to reconfigure into
a lower-energy deformed state [20–22]. If the architected material
is loaded under displacement control, this phenomenon is usually
associated with an instantaneous drop in the applied load at a fixed
displacement. The strain energy released in the form of kinetic
energy of the phase transforming elements will be eventually
dissipated to the environment through mechanical vibrations of
the structural elements. Previously, it has been shown that (i)
the specific value of the released strain energy (i.e., energy per
element, unit cell, or volume) increases nonlinearly by increasing
the number of discrete elements in the chain, N, reaching a plateau
as N → ∞; and (ii) a minimum number of rows of elements in a
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Fig. 1. (A) Schematic of a hypothetical force–displacement behavior for a non-convex elastic element encompassing two valleys; the shaded area denotes the absorption
capacity of the discrete element within the displacement range shown. (B) Load–displacement curves of a linear elastic element (red), a NS element (black), and the associated
collective response for a type I hybrid unit cell (dashed). (C) Load–displacement curves of a Heaviside elastic element (red), a NS element (black), and the associated collective
response for a type II hybrid unit cell (dashed). (D) The experimental set-up for the simulation of the proposed type I and II architected materials. (E, F) Load–displacement
behavior of type I and II hybrid unit cells, respectively, obtained experimentally (blue, two cycles) and numerically (red dashed). (For interpretation of the references to
colour in this figure legend, the reader is referred to the web version of this article.)

chain is required to develop a non-zero hysteresis loop (and hence
non-zero energy dissipation) [2]. Fig. 1A shows the schematic of
a hypothetical force–displacement behavior for an elastic element
with non-convex strain energy profile, with two valleys in the response. The shaded area in this figure corresponds to the maximum
energy per element in a chain of N identical elements that can be
elastically dissipated through hysteresis; this amount of energy
can only be dissipated when N → ∞. Henceforth, we refer to
this area, which also denotes the maximum amount of energy (per
cycle) that can be elastically absorbed from the kinetic energy of
an oscillating object, as the theoretical absorption capacity of the
non-convex element, and denote it by Wth . The ratio of the energy
absorbed per unit element in an actual design, Wd , to the maximum
absorbable energy is here defined as absorption efficiency, η =
Wd /Wth .
2. Results and discussion
In Fig. 1B through F, we compare the dissipative performance
of two different architected material designs with hybrid unit cells,
differing by the mechanical characteristics of their sub-unit-cell
components. The hybrid unit cell type I (Fig. 1B) is comprised of
a linear elastic (LE) element (spring) arranged in series with a NS
element (e.g., a pair of guided inclined beams). For the sake of
simplicity and without loss of generality, it is assumed that the
force–displacement profile in the two stable phases of response
(phase I and II in Fig. 1B) for the NS element are parallel to each
other, with R representing the horizontal distance between the two

phases, and H denoting the height of the unstable (spinodal) phase.
Fig. 1B shows the corresponding force–displacement curves of the
LE element (red), and the NS element (black). The collective nonconvex response of the stack obtained from our novel numerical
algorithm (Movie SM1, Supplementary Information) is shown by
dashed lines. The absorption capacity of the NS element is marked
by the gray shaded area. Given a fixed force–displacement curve
for the NS element (black), the resulting hysteresis area marked
by the blue shaded region is only dependent on the stiffness of the
linear element and is smaller than the absorption capacity of the NS
element (η ≤ 1). Our numerical analysis shows that the maximum
efficiency η = 1 (i.e. Wd = Wth ) is obtained when the stiffness
of the linear element approaches zero. However, this requires
cyclic loadings of infinitely large displacement amplitude, which
renders realization of this maximum value practically impossible.
Furthermore, decreasing the stiffness of the linear element greatly
compromises the specific damping capacity of the material, Ψ =
Wd /Ws , due to the more rapid growth of the stored elastic energy,
Ws (sections 2 and 3, Supplementary Information).
In order to amend this critical shortcoming in the dissipative
performance of nonconvex elastic systems, a large number of hybrid unit cells comprised of combinations, in series, of sub-unit-cell
elements – herein simply referred to as elements – with varying
stress–strain responses were constructed from a comprehensive
library of discrete elements with convex and non-convex strain
energy profiles, and their dissipative performance was numerically assessed (stress and strain are defined as load per unit cross
sectional area and displacement per unit height of the unit cell,
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respectively). Our numerical framework incrementally linearizes
the total potential energy of the system of non-convex elements,
and hence is much more efficient than previously proposed minimization schemes for optimization activities [5]. The proposed
method is based on the assumption of quasi-static deformations,
akin to an infinite damping condition, and finds the equilibrium
and non-equilibrium paths corresponding to a stack (chain) of
non-convex strain energy elements via an iterative procedure. At
every increment, the overall length of the stack is varied, and the
internal forces of the elements are updated accordingly. Equilibrium is checked by calculating the net forces acting at any degree
of freedom in the system (the displacements of the midpoints of
adjacent elements in the stack are independent degree of freedom).
If the system is not in equilibrium (i.e., the net forces are not
all identically 0), then the degrees of freedom are moved in the
direction of (and by a magnitude proportional to) the net forces
until equilibrium is reached. Stability per se is upheld by positive
definiteness of the internal Hessian matrix of the system, D. In
the case of non-positive-definiteness (i.e. instability), the internal
degrees of freedom are incremented proportionally to the specific
eigenvector of the matrix D which corresponds to the minimum
eigenvalue, a direction that is proven to correspond to the maximum rate of decrease in the total potential strain energy of the
system. A more comprehensive discussion about the algorithm is
reported in Section 1 of the Supplementary Information.
Specifically, it was discovered that a convex elastic element
with a trilinear force–displacement behavior encompassing a
phase of high stiffness surrounded by two phases of compliant behavior under both tension and compression (henceforth referred to
as a Heaviside elastic element (HE) – red curve in Fig. 1C), arranged
in series with a NS element (black curve in Fig. 1C), results in a hybrid unit cell with superior levels of energy dissipation efficiency.
We call this arrangement hybrid unit cell type II. Fig. 1C shows the
corresponding force–displacement curves of the trilinear HE element in red, a typical NS element in black, and the collective nonconvex response obtained from our numerical analysis in dashed
(Movie SM2, Supplementary Information). Similar to the case of
the hybrid unit cell type I, the NS element (black) allows multiple
stable phases with different strain energy for the hybrid unit cell,
and its snap-through results in transitions between lower- and
higher-energy modes. The force–displacement behavior of HE element (red) starts with a relatively stiff slope, then assumes a rather
compliant behavior (or plateau), analogous to the behavior of an
elastic-perfectly plastic material. Note that in an elastic-perfectly
plastic material the loading and unloading paths are not coincident,
due to material intrinsic energy dissipation. Here, however, the HE
element, and hence the type II hybrid unit cell, are fully elastic and
the HE element traverses the same path during loading and unloading. Notably, the plateau strength of the HE element is chosen to be
slightly lower than the snap-through strength of the NS element,
a condition needed to ensure significant deformation in the HE
element before the NS element snaps through. The HE element
serves two major functions: (i) it curbs the level of stress within
the architected material and therefore the stress transferred to the
protected system, and (ii) it maintains sufficient load (compressive
under overall compression and tensile under overall tension) in
the structure to enable phase transformation of the NS element(s)
at almost constant stress. As shown by the blue area in Fig. 1C, a
significant amount of energy dissipation (area inside the hysteresis
loop) is enabled by the proposed type II hybrid unit cell.
We have corroborated these findings experimentally in Fig. 1D
through F. In a prototype type II unit cell, shown in Fig. 1D, a nearsinusoidal snap-through behavior for the NS element is obtained
by a pair of inclined springs pin jointed to a rigid base at the bottom
of the cell. The HE element (displayed above the NS element) is
realized by a pre-compressed elastic spring which is fitted inside a

rigid metallic cylindrical frame (section 4, Supplementary Information). The combination of these sub-unit-cell elements in series is
the hybrid type II cell described above. At the same time, by setting
the value of the pre-stress in the top spring equal to zero, the HE
element reverts to a simple linear spring, and hybrid unit cell type
I is obtained.
The associated force–displacement hysteresis behavior of the
hybrid units type I and II under cyclic loading is shown in Fig. 1E
and 1F, respectively. Notice that the type II hybrid unit cell prototype enables remarkable energy absorption efficiency of η = 0.91
and specific damping capacity of ψ = 6.02, considerably above the
reported range of dissipation in high damping elastomers (ψ <
4.5) [23]. For comparison, the type I hybrid unit cell prototype
shows energy absorption efficiency of η = 0.65 and specific
damping capacity of ψ = 3.52. Moreover, the type II unit cell is
about 10 time stiffer than the type I unit cell. The insets in Fig. 1F
show configurations of the spring within the HE element during
different phases of the response. The results are in good agreement
with the results from numerical simulation shown by red dashed
line in these set of figures.
There are interesting distinctions between the performance
characteristics of the two proposed architected hybrid material
systems. First, the type II hybrid design can provide a much
higher initial stiffness; the application of linear springs within
the architected materials (as in the type I hybrid design) renders the structure excessively compliant and thus unsuitable in
many applications. This difference between the initial stiffness
values in these two hybrid designs becomes especially substantial
if the NS behavior is implemented via a buckling-driven setup
with stretching dominated initial response (e.g., a pair of inclined
beams). Furthermore, for prescribed values of dissipated energy
and cyclic displacement (stroke) amplitude (denoted as S and L in
Fig. 1B and C), the maximum stress in the type II hybrid design
is significantly smaller than that of hybrid design type I (Figure
S4, Supplementary Information). This distinction makes the type II
design strongly desirable for impact protection applications, where
maximum energy dissipation at a relatively low stress transfer
level is a defining metric. Finally, even though both type I and II
hybrid designs are theoretically able to provide comparable values
of ψ , the type I design requires a much larger stroke, especially as
the desired absorption efficiency approaches unity, η → 1. It can
be shown that the following relationships hold for the absorption
efficiency of type I and type II elastic architected materials (see
section 2, Supplementary Information):
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Eq. (2) will be simplified to Eq. (1) when ∆P /H = 0.
Fig. 2A and B compare important dissipation characteristics of
the two proposed hybrid unit cells. Fig. 2A shows the contour plot
of the displacement amplitude (stroke) ratio, defined as the ratio
of the displacement amplitude of hybrid unit cell II, L2 , to that of
hybrid unit cell I, L1 , versus the normalized values of width of the
step function in hybrid unit cell II, ∆P /H (see Fig. 1C), and absorption efficiency, η. Note that if ∆P approaches zero, element type II
converges to element type I, and the stroke ratio approaches unity.
As evident from the upper right corner of the map, significantly
shorter strokes are needed in a type II hybrid unit cell compared
to a type I hybrid unit cell to obtain the optimal hysteresis area of
η ≈ 1.

B. Haghpanah et al. / Extreme Mechanics Letters 17 (2017) 56–61

59

Fig. 2. Design maps for important dissipation characteristics of the proposed type I and II hybrid unit cells. (A) Contour plot of the displacement amplitude ratio, L1 /L2 , for
different normalized values of height of the Heaviside step function in the hybrid element type II, ∆P /H, and absorption efficiency, η. (B) Contour plot of the ratio of the
material selection index Md = Ψ E, for different normalized values of the width of the Heaviside step function in hybrid element II, ∆P /H, and displacement amplitude, L/R.
I

In this set of results, K = K I /K ∗ = 5 (cf. inset of Fig. 3).

Fig. 3. Absorption efficiency, η, versus number of negative stiffness elements, N, in
a chain of discrete elements with non-convex strain energy. The negative stiffness
elements (red curve in the insets) are assumed to have a trilinear stress–strain
response (slopes K I , K ∗ , K II from left to right), with equal slopes in phases I and
I

II (K I = K II ). In this set of results, K = K I /K ∗ = 5. Results are shown for the
following cases: (i) a pure chain of negative stiffness elements (orange), (ii) the
stack in (i) in series with one linear elastic element of normalized slope K = 0.5, 0.7,
1 and 2, where K = K /K ∗ (green), (iii) the stack in (i) in series with one Heaviside
elastic element (purple). (For interpretation of the references to colour in this figure
legend, the reader is referred to the web version of this article.)

It is also useful to examine the advantages of the proposed
structures in vibration management applications. A relevant figure
of merit for vibration suppression in foams and cores of sandwich
panels under broad-band inputs is Md = Ψ E, where Ψ is the
damping coefficient, and E is the Young’s modulus (stiffness) of the
architected material [24]. Fig. 2B shows contours of the ratio of the
index Md for type I and type II unit cells, i.e., Ψ2 E2 /Ψ1 E1 , versus
the normalized values of width of the step function in the hybrid
unit cell II, ∆P /H, and displacement amplitude, L/R. Notice that
the materials index in a type II hybrid unit cell can be up to ∼30
times higher, demonstrating the superiority of the type II unit cell
in vibration suppression.
It is instructive to compare the energy dissipation capacity of
the proposed architected materials as the number of NS elements
in the stack of elements increases. Fig. 3 shows the energy absorption efficiency, η, versus the number of NS elements within
the stack for various types of architected material designs. First,
consider an architected material where the stack consists of N

identical NS elements, whose energy dissipation capacity has been
previously studied (orange curve) [2]. As previously demonstrated,
there is a minimum number of NS elements needed in order for
hysteretic behavior to ensue; for architected materials with fewer
unit cells than this critical number, no energy is dissipated upon
cyclic loading, and the unloading path, albeit non-linear, perfectly
coincides with the loading path. This critical number is dependent
on the stress–strain characteristics of the NS elements, and for the
case of NS elements with trilinear stress–strain behavior is equal
I
I
to 1 + K , where K is the normalized stiffness in the phase I (and
II) of response (section 2c, Supplementary Information). The other
curves in Fig. 3 represent the dissipative response of architected
materials with hybrid unit cells discussed in this work. The green
curves present the performance of type I (linear) hybrid designs,
for different values of the normalized stiffness of the linear elastic
element, K . Notice that while a lower value of K results in improved
damping efficiency, reducing K might make the structure excessively compliant. Finally, the purple curve shows the absorption
efficiency of a type II architected material, which is almost independent of the number of NS elements in the stack. The benefits
of the type II design in terms of energy absorption efficiency are
evident from this figure: a type II hybrid material design with a
single unit cell has the same absorption efficiency as 1000 negative
stiffness elements in series. This result can have profound implications on the design of reversible impact resistant structures. It is
also interesting to note that the addition of a single HE element
can significantly increase the absorption efficiency of a chain of
otherwise identical NS elements. This is simply due to the fact that
only one NS element at a time would experience phase transformation during both loading and unloading, which allows the HE
element to reset after each NS element phase transformation. A
reset HE element is squeezed (or expanded) enough to maintain
an almost constant chain load during the phase transformation
of the NS element (Movie SM3, Supplementary Information). The
consecutive transformation of NS elements is not only due to
the structural imperfections that would practically render the NS
elements non-identical, but also to allow the maximum rate of
decrease of the total potential energy in ideal systems [20,22].
It is useful to examine design and fabrication strategies to
implement the proposed concept in the form of a scalable periodic
architected material, rather than a device or a mechanism, particularly in light of the complexities involved in incorporating the
spring setup shown in Fig. 1D into a 3D architected material. Several methods have been previously proposed to obtain NS effects
through structural nonlinearity, including use of inclined guided
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Fig. 4. A scalable type II hybrid unit-cell design for construction of a large-scale
architected material (left), and the corresponding load–displacement response
(right). Numerical simulations obtained with our code (red) are in good agreement
with experimental results (blue). (For interpretation of the references to colour in
this figure legend, the reader is referred to the web version of this article.)

beams [4,25], arches [26], pre-stressed buckled beam [27], and
columns with edge contact [28]. Here, we choose inclined guided
beams due to their initial stretching dominated response and
significant elastic displacements. The HE element is implemented
via the superposition in parallel of a typical negative stiffness
element with an element with positive linear response (section
4a, Supplementary Information). The complete implementation
of the type II hybrid unit cell is shown in Fig. 4A. It consists of
deformable, laser cut pieces of PTFE (Teflon) with E = 500 MPa,
ν = 0.45, and high yield strain of 3–5% (white), and relatively stiff
laser cut pieces of acrylic (brown), whose function is to connect
or laterally constrain the deforming Teflon parts. The hybrid unit
cell consists of a parallel arrangement of two (front and back)
sets of Teflon parts each constrained by U-shaped acrylic pieces,
simulating a bottom HE element, which are placed in series with
a NS element on top (section 4b, Supplementary Information). To
demonstrate the feasibility of the proposed architecture, in Fig. 4B
we have shown the experimental force–displacement response of
the hybrid unit cell under quasi-static loading. The results from the
simulation are also shown by a red dashed curve. In order to obtain
the numerical results, first the bottom HE and the top NS elements
are separately tested under quasi-static loading (ε̇ = 10−4 s−1 ) to
obtain their load–displacement response. Next, the experimental
curve data points are plugged into the numerical code (section 1,
Supplementary Information) to obtain the overall response curve.
The discrepancies between the numerical and experimental results
could be attributed to misalignments and out-of-plane movements
of the assembled hybrid structure in series (N = 2) compared to
each individual component, and also to perturbations during testing that cause the non-convex system to avoid peaks of potential
energy and become unstable (characterized by sharp drops in load)
at lower displacement than predicted by the numerical model. This
particular type II hybrid design implementation exhibits a specific
damping capacity of ψ = 5.43 and an absorption efficiency of
η = 0.79 .
Although the merits of the proposed design have been clearly
presented, an outstanding question is whether the dissipative performance of the proposed hybrid material system is comparable to
that of existing materials that absorb energy based on destructive
modifications (whether in foams, bulk materials or structures). Fig.
5 shows a material selection ‘‘Ashby’’ map of specific damping

Fig. 5. Materials selection chart of specific damping capacity, ψ , versus Young’s
modulus, E, for the universe of existing materials and the proposed type I and II architected elastic materials. Results are provided for two representative constituent
materials, a metal (steel), and a polymer (TPU).

capacity, Ψ , versus Young’s modulus, E, for the universe of existing materials. For general dissipation and vibration management
purposes, materials in the top right corner of the map would
be optimal [29]. Also presented is the performance of the type
I and II hybrid unit cell designs, encompassing two NS element
(N = 2) and made of thermoplastic polyurethane (TPU) and steel
constituent material. Notice that the proposed type II hybrid material outperforms all existing engineered and natural materials in
terms of energy dissipation, while maintaining a Young’s modulus
comparable to that of polymers and elastomers.
3. Discussion
In summary, we propose a new class of architected materials
with hybrid unit cells consisting of discrete elastic elements with
non-convex strain energy and one convex (but possibly nonlinear)
elastic element, to obtain a reversible effective multifunctional material with remarkable energy dissipation, relatively high stiffness,
and low transmitted stress, in a compact design. The proposed
design exploits numerically optimized nonlinearities in the force–
displacement response of the sub-unit-cell elements to approach
the theoretical limit of specific damping capacity in materials,
ψ th = 8, under quasi-static loading. Specific damping capacities up to ψ = 6.02 were experimentally demonstrated, which
are far greater than any experimental value previously reported
[30–32]. Furthermore, a distinct advantage of the proposed elastic
architected materials is their reversibility and reusability after
deformation, resulting in increased life-span.
All hybrid unit-cell prototypes presented in this article are bistable, and therefore recoverability under unidirectional loading
(e.g. impact) is not automatic; subsequent external actuation in the
reverse direction is needed for recovery. However, the proposed
architected materials can be designed single-stable, and hence automatically recoverable, with hysteresis still present in the force–
displacement curve. To this end, one can use a linear spring in
parallel with the proposed type I or type II hybrid unit cells, such
that the overall force–displacement response of the resulting unit
cell becomes single stable. This approach would not affect the
amount of hysteresis (area inside the curve) or absorption efficiency, η, for a given displacement cycle, but will compromise the
specific damping capacity, ψ , of the material unit cell [15]. An
alternative method towards single-stability and recoverability is
by manipulating the geometry of the employed NS elements [1,4].
Even though a single unit cell in both of these cases will not exhibit
any hysteresis or energy dissipation during a full displacement
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cycle or a unidirectional loading event, a stack of single-stable
unit cells will still exhibit hysteresis according to the mechanism
described in this article (subject to the condition on the minimum
number of cells—see Fig. 3).
The materials proposed herein can potentially lead to enhancements in crashworthiness and energy absorption under dynamic
loading events, such as impact, compared to previously proposed
energy absorbent elastic materials that reduce the kinematic energy of the projectile through trapping of strain energy [1] or multicell dynamic effects [2]. Nevertheless, the current study has only
examined the behavior of the proposed structure under quasistatic loading, and further studies are needed to assess strain
rate and frequency dependencies. When the imposed macroscopic
crushing strain rate, ε̇ , is much smaller than the minimum natural
frequency the hybrid unit cell (pertaining to its internal degree of
freedom), ωn , such effect are expected to be negligible (see [15] for
a detailed analysis).
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